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INTRODUCTION. SUMMARY OF THE RESULTS 
We consider the algebras (with convolution as product) of spherical functions 
on the group PGL(2, Ic) over a p-adic field k with respect to a compact subgroup U, 
associated with a quadratic extension of k. We assume that the residual charac- 
teristic of k is odd. In Chapter II it is proved that these algebras are commutative. 
Let K be any maximal compact subgroup of PGL(2, Ic). Due to a theorem of 
MAUTNER [S] it follows that the algebras of spherical functions with respect to K 
are also commutative 1). This improves some results which were obtained by MAUTNER 
[S]. It follows that any continuous irreducible unitary representation has a character, 
which is a distribution. Chapter I deals with the general theory of spherical functions 
on a locally compact group G with respect to a compact subgroup K, assuming 
that the algebras of spherical functions are commutative. Generalizing a trick due 
to MAIJTNER [S] (section 2), we obtain a theory that may be considered as an 
improvement of the theory of GODEMENT [5(a)] for this particular case. A theory 
for the algebras belonging to a one-dimensional representation of K is well-known 
([5(b)], [12]). Chapter III contains only partial results. To obtain some insight in 
the structure of the algebras of spherical functions on PGL(2, Ic) with respect to U, 
we apply the transformation ‘Ff’ (cf. [lo], I $ 2). We consider only the algebra 
belonging to the identity representation. It is proved that ‘3’~’ maps the Schwartz 
functions in this algebra, with support in a fixed subgroup G,, onto the algebra ,40+, 
consisting of the Schwartz functions f on (,&*)a satisfying f(1) =f(n-1). The transfor- 
mation is not injective. To prove our results, we apply some facts about quadratic 
characters on a locally compact abelian group, introduced by A. Weil. Summarizing, 
the structure remains unclear. The only representations of PGL(2, k) which we 
could do appear by determining the characters of the algebra Y+ belong to the 
principal series and the complementary series. This is not treated in this paper, 
since the procedure is well-known (cf. [lo]). For definitions we refer to 141. 
CHAPTER I: SPHERICAL FUNCTIONS AND UNITARY REPRESENTATIONS OP 
CLASS o- OF A LOCALLY COMPACT GROUP 
1. Three algebras of functions 
Let G be a locally compact unimodular group and let K be a compact 
subgroup of G. Once for all a Haar measure on G is fixed and denoted 
dg. Similarly a Haar measure dk on K is chosen such that the volume 
of K is one. By (r we mean a continuous irreducible unitary representation 
1) Recently A. J. Silberger (Bowdoin College, Maine) has obtained similar 
results (to appear in Proc. Amer. Math. Soo.). 
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of K on a finite-dimensional complex Hilbert space E. Let d be the di- 
mension of E. We fix an orthonormal basis of E; with respect to this 
basis the matrix coefficients of o(k) (Ic E K) are denoted ail(E) (1 <i, i< d). 
Let e stand for one of the functions k I-+ dogi on K (1 <i gd). Let us 
agree that we also shall write ei whenever we want to distinguish between 
these functions. Clearly one has e * e=e. Put x(k) =&-o(k) = ~L1 eg (tr 
denotes the usual trace of operators). One has x * x=x. 
Continuous functions on K may be identified with measures on G 
having compact support and one can form their convolution product with 
appropriate (e.g. continuous) functions on G. This fact we shall use 
throughout this paper. 
Let us consider the following algebras of functions on G (with multi- 
plication defined by convolution) : 
L,(G): the algebra of the continuous mappings f: G + End(E) with 
compact support, satisfying the relation 
f(ikrk’) =o(k)f(z)o(k’) for all I%, k’ E K, x E 0. 
(cf. MAUTNER [S]). 
(End(E) is the algebra of all complex linear mappings from E into itself). 
L;(G): the algebra of the continuous complex-valued functions f on G 
with compact support, satisfying 
(i) x * f * x=f, 
(ii) f=fO, 
where f0 is defined by 
f”(x) = ,s f(kdi-l)dk (x E G). 
This algebra is fundamental in GODEMENT'S paper [5]. 
L(G): the algebra of the continuous complex-valued functions f on G 
with compact support and the property e * f * e= f. 
Notice that we are actually dealing with cl algebras &(G), where ei 
is defined above (1 <i < d). These algebras also occur in MAUTNER'S 
paper PI. 
Later on we shall add the letter K in L,(G), L;(G) and Le(G) and write 
LAG, K)> L;(G, K) and L&G, K) to avoid confusion between several 
compact subgroups of G. 
In each algebra a natural involution * can be defined. In L,(G), put 
f*(z)= [f(x-I)]” (x E G), w h ere the second star denotes ‘adjoint’; in L;(G) 
and 4(G), put f*(x)= f(x-1) ( x E G). For f E L,(G) we may write f(x)= 
=(4,(x)), where fij(x) denotes the (ij)th matrix coefficient of f(x) with 
respect to the basis of E, chosen above. 
(1.1) Theorem. The algebras L,(G), L;(G) and L(G) are mutually 
*-isomorphic. 
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The isomorphism between L;(G) and L,(G) is given by the mapping f I-+ f, 
where 
f(x)=J f(E-lx)a(k)dE (f E L;(G), x EG). 
K 
The inverse mapping is given by 
f(x) =d tr f(z) (f E L,(G), x E G). 
The isomorphism between L,(G) and L%(G) is given by 
f I-+ dfii (f f L,(G), x E G). 
The inverse mapping is given by f I+ f= (fii), where 
fij=d(oli *f * CQ~) (f E L%(G), l<E, jgd). 
Proof. MAUTNER [8] (section 2) proves that L,(G) and hei are 
*-isomorphic, though he deals with a special group G and a special group 
K, which is an open subgroup of G. This fact he uses to define expressions 
like oii * f (f a continuous function with compact support). As remarked 
above, such expressions have already a meaning in general. 
Let us prove that L:(G) and L,(G) are *-isomorphic. 
Let f E L:(G) and put 
f(x)= 1 f(Wx)o(k)dk (x E G). 
K 
Clearly f(x) = cl tr f(x) and f E L,(G). Moreover 
[f(x)]“== J f(Wx)o(k-l)dk= J f*(X-lk)o(k-l)dk=f*(x-l) 
K K 
for all x E G. 
Let fl, fz E L:(G) and put f = fl + fz. Then one has 
fi * f&z) = J J j f1(yk-1) f&-l y-lx) cT(kZ)dkdzdy = 
GKK 
= I j fr(y)fz(y-lxk-l)o(k)dlcdy=f(x) (X EC). 
Now let f E I&(G). Put f(x) =d tr f(x) (X E G). Then f E L;(G). Further- 
more, by the orthogonality relations for the matrix coefficients of G‘, 
1 f(xk-I) o(k)& = cl ,S (tr (f(x)o(k-I)}) a(k)dk = 
=d Sq j fij(x) oij(lc) o(Ic)dk =f(x) for all x E 0. 
Hence the linear map f I-+ f is a *-isomorphism of L:(G) onto L,(G). 
This completes the proof of (1.1). 
By Theorem (l.l), the cl algebras Let(G) are mutually isomorphic. The 
isomorphism from Let(G) onto Lei(G) is given by: 
f I-+ dqi * f * doir (f E Leg(G)). 
This is readily seen from the isomorphisms, stated in the theorem. 
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In [5], the algebra of complex-valued continuous functions f with 
compact support, satisfying x * f * x= f occurs in connection with the 
algebra L!(G). We denote it by L,(G). Clearly LO,(G) is the image of L,(G) 
under the projection f I--+ fo. Since e * x=x * e =e, we have L,(G) C L,(G). 
From (1.1) one easily deduces that L:(G) and L%(G) are isomorphic 
by means of the map: 
(7%) f I-+ $ dqz * f * CZoij (f E LdG)). 
i=l 
(1.2) Proposition. The isomorphism (#) can also be given by 
f I+ df” (f E Lei(G)). 
Proof. Let f be a function in L&G). Then we have for all x E G: 
dfO(x)=d J f(klxk)dk=d J” J er(Z)f(Z-lk-lxE)dkdZ= 
K KK 
=d ,S % ei(k-lZ)f(Z-lxlc)dl%dZ=d2 j$l J i ojt(Z)f(Z-lxk)oej(k-l)dlcdZ= 
= jl (dqi * f * dacj)(x). 
This completes the proof. 
Observe t,hat the inverse of (#) is given by f I+ et -k f (f E L:(G)). In 
the subsequent sections we shall discuss the algebra L&G) rather than 
L,,(G) and L;(G). The latter is much more complicated than the algebra 
L(G). 
2. SphericaZ functions of class e 
Let E be a vector in E of length one and put e(k)=d. (e/c(k)&) (Ic E K). 
We consider the algebra L&G) defined in 1. 
By L(G) we denote the convolution-algebra of complex-valued con- 
tinuous functions on G with compact support. The map f I-+ e * f * e 
defines a projection from L(G) onto Le(G). 
A simpler case (to some extent) of the subsequent theory is discussed 
by TAMAGAWA [ll]. The proofs of our results are similar. Therefore we 
shall often omit them. 
Throughout this section we assume that Lee(G) is commutative. 
(2.1) Lemma. Let 4 be a continuous function on G satisfying e * #J * e = qi 
Suppose JG f(x-l)+(x)dx=O for all f E L&G). Then +=O. 
Proof. For all f E L(G) one has 
d f(x-l)$(x)dx= d (e *f * e)(x-l)+(x)dx=O. 
Hence += 0. 
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(2.2) Definition. Let (b be a continuous function on G satisfying 
e * + * e=+. 4 is called a spherical function of class e 1) if the function 
6 defined by 6(f)= SG f(x-‘) +( x )d x is a homomorphism from La(G) onto 
the complex numbers. 
Remark. Put ~(lc)=d tr o(k), k E K. The spherical functions, defined 
above, correspond to ‘spherical functions of type ;5 and height one’ in 
the terminology of R. GODEMENT [5] by means of the map (b ~++d@. 
The inverse mapping is given by w I+ e * w. 
(2.3) Corollary. Let 4 be a spherical function of class e and let y be a 
continuous function on G satisfying e * y * e = y, such that JG f (x-l) C+(X) dx = c. 
j-G f(x-l)?“( ‘)d f CC x or all f E Le(G), where c is a constant. Then y(x)=c. C+(X) 
(x E G). 
(2.4) Proposition. 4 being a sph erical function of class e, we have for 
all f E L,(G): f *$=$ * f=&f)+. 
Proof. For every h E LJG) one has : 
d Wl)(f * $)(x)dx= d J h(x-l)f(xy-l)#(y)dxd= 
= J (h *f)(y-W(y)dy=&h *f)=&h)&f)=&f) J h(x-l)$(x)dx. 
Since f * 4 is continuous and moreover e * f * 6 * e= f * 4, we obtain 
by (2.3) f * c$=&)$. The other equality can be proved in a similar way. 
In the next statements we omit the proofs. 
(2.5) Proposition. Any spherical function (b of class e enjoys the 
property Jge(k)#(xk-1 y)dk= 4(x) 4(y) for all x, y E G. 
In particular +( 1) = 1. 
One can also prove the converse: if a continuous function + on G, 
which is not identically zero, satisfies e * 4 * e=$ and 
SeVWW1y) dk=cbW#d~) (x, Y E G), 
K 
it must be a spherical function of class e on G. 
(2.6) Proposition. Let y be a continuous function on G, e * y * e = y, 
y not identically zero. Assume that f * y =& y for all f E Le(G), where & is 
a constant depending on f. Then y(l)# 0 and 4(x) =y(x)/y(l) (x E G) is a 
spherical function of class e. 
(2.7) Theorem. A continuous fur&ion q5 on G satisfying e * 4 * e= q5 
is a spherical function of class e on G if and only if 4(l) = 1 and f * (b= 
/I& for all f E L@(G), where 2, is a constant depending on f. 
1) The functions in L,(G) (resp. L,(G)) are also called spherical functions in the 
literature. This nomenclature goes back to the compact case. 
1.5 Indagationes 
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Let L:(G) be the closure of L@(G) in D(G), the algebra of Haar-integrable 
functions on G. Clearly L:(G) is a commutative *-Banach algebra over 
the complex numbers. One easily checks the assertion that its spectrum 
(space of regular maximal ideals) can be identified with the bounded 
spherical functions of class e. Actually, the supremum-norm of a bounded 
spherical function equals one. Among these spherical functions there are 
which correspond to symmetric maximal ideals, namely all 4 -which sat,isfy 
the relation +(x) =4(x-l) ( x E G). Since we will discuss harmonic analysis 
of &(G), the positive-definite spherical functions take our attention. Let 
us recall that a continuous complex-valued function q5 on G is said to be 
positive-definite if for all f E L(G), Jo Jo 4(x-ly) f(x)fodxdy> 0. Of course 
-- 
they are bounded and symmetric : 4(x) =$(x-i) (x E G). Returning to the 
transformation 4 I-+ &$a (see Remark under (2.2)), we mention that the 
properties ‘bounded’, ‘symmetric’ and ‘positive-definite’ are invariant 
under this transformation of spherical functions. 
3. Positive-definite spherical functions and unitary representations 
The general theory of positive-definite functions and their relation to 
unitary representations is well-known today (see e.g. [3], Ch. XIII). We 
use the notations and results of [3] in relation with these facts. 
Let n be a continuous unitary representation of G. For every bounded 
measure p on G, the operator z(p) is defined by z(p)= JG n(x)dp(x). 
Clearly every function f E D(G) can be identified with a bounded measure 
,uf on G. We write n(f) in stead of z(pf). Let v be a measure on K; v may 
also be considered as a measure on G with compact support, hence z(v) 
is defined. In particular n(h) is defined for every function h E Ll(K). 
Let 0, e, x be as in 1. 
Consider a continuous unitary representation n of G on a complex 
Hilbert space H. The operator z(e)= SK e(k)n(k)dk, defined on H, is an 
orthogonal projection. Call its range He. We have: z(f)zz(e)=n(e)n(f)=n(f) 
for all f E L&G). Therefore z(f)He c1 H,, n(f)H,I= (0) for all f E Le(G) 
(Hf denotes the orthocomplement of H, in H). So the *-representation 
f I+ n(f) of LAG) on H is actually a *-representation on the closed sub- 
space H,. We call this representation 3te. 
Let us agree that if we are dealing with continuous unitary represen- 
tations, ‘irreducible’ will always mean ‘topologically irreducible’. 
(3.1) Lemma. Let z be an irreducible continuous unitary representation 
of G on H. Then either He = (0) (and hence ze = 0) or zte is an irreducible 
*-representation of Le(G) on H,. 
Proof. Assume that H, is not trivial. The *-representation f ~-+n(f) 
of L(G) on H is irreducible, since n is. Let 6 be a vector in He, l#O. 
Since E is cyclic, the vectors n(f)E, where f runs over L(G), span a dense 
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subspace of H. Hence the vectors z(e)z(f)5=n(e)n(f)n;(e)[=iz(e * f * e)E 
span a dense subspace of H,. This holds for each 5 E H,, E# 0 and hence 
Z~ is irreducible. 
Remark. The same observations hold for L,(G), but in general not for 
Q(G). This fact leads to some complications in Godement’s treatment [5]. 
To any continuous positive-definite function 4 on G belongs a con- 
tinuous unitary representation z of G on some Hilbert space H, such 
that 4(x) = (aln(x)a) ( x E G), where E is a cyclic vector for z in H. We 
call n the representation associated with $. The representation 7~ is irre- 
ducible if and only if + is a pure positive-definite function (also the 
adjective ‘elementary’ is used in the literature). ([3], Ch. XIII). Again 
H, can be defined. 
Let us recall that a positive-definite function 4 is called pure if for any 
two positive-definite functions 41, $a such that 4 =&$I +&$a (Ai, &,> 0) 
we have that 41 and $2 are scalar multiples of 4. 
(3.2) Lemma. The cyclic vector E belongs to He if and only if 4 satisfies 
the relation (b = e * f$ * e. 
Proof. Suppose we have E E H,. Then we can write 
(e * q5 * e)(x)= ,S I e(Z)4(Z-M+)e(k)dZdk= 
= J ,S e(E)(sln(Z-l)n(x)n(l%-l)e)e(lc)dZddle=(e[3t(e)n(x)n(e)s)= 
= (+(x)e)=+(x) (x E G). 
Consequently 4 = e * d, * e. 
Assume, conversely, $= e * 4 * e. Then we have 
(aln(x)s) = 4(z) = (e * +)(x) = (+(e)z(x)a) = (n(e).z/z(x)a) for all x E G. 
Since E is a cyclic vector, we obtain z(e) E =E and hence E E He. This 
completes the proof. 
Observe that H, $0 if 4 = e * 4 * e and d, # 0. Furthermore it is a simple 
exercise to show that e * 4 * e is positive-definite if + is. 
The foregoing lemmas are independent of the commutativity of the 
algebra &(a). From now on we renew the basic assumption that Le(G) 
is commutative. Later on we shall present a criterion for this fact. 
(3.3) Theorem. Let 4 be a continuous positive-definite function on G 
satisfying 4(l) = 1, +=e * f$ * e. 
Then 4 is a spherical function of class e if and only if 4 is pure. 
Proof. Let + be pure. Consequently the representation z associated 
with 4 on H is irreducible. Put 4(x)= (E~z(x)E) (x E G), E a cyclic vector 
in H. 
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Since e E H, (3.2), rite is an irreducible *-representation of Le(G) on H, 
(3.1). By assumption, LB(G) is commutative and therefore dim H,= 1. For 
all f E L@(G) we now have 
f *M=j f(y)(sI~(y-1~)s)dy=(~e(f)sI~(~)e)=3Lf(sl~(~)e)=;if~(~) (xEG), 
where & is a constant, depending on f. By (2.7) it follows that (b is a 
spherical function of class e. 
Conversely, let 4 be a spherical function. Then f * 4 =A& for f E L&G), 
where & is a constant depending on f. If we write down this more ex- 
plicitly, we obtain 
(df )+@)s) = f * 7%) = 5 9%) = (5 +Ws) (x E G). 
Hence n,(f)s=&, since E is a cyclic vector. Now E is also a cyclic vector 
for z7r;e in He, so we have dim He= 1. Let us show that z is irreducible. 
Let T be a continuous linear operator on H, commuting with all z(x), 
x E G. In particular we then have Tz(lc)s=~(k)Ts for all k E K, hence 
n(e)T=Tn(e). Therefore T(HB) C H, and hence TE =A& for some complex A. 
For arbitrary x E G we obtain 
Tz(x)e=n(x)T~=A~~(x)e. So T=AI, where I is the identity operator on 
H. Consequently zz is irreducible and thus 4 pure. This completes the proof. 
(3.4) Corollary. Two positive-definite spherical functions of class e are 
equal if and only if the irreducible unitary representations associated with 
them are (unitarily) equivalent. 
Proof . Let &,& be two positive-definite spherical functions of class e. 
After obvious identifications we may restrict ourselves to the following 
situation: There exists an irreducible unitary representation 7~ of G on 
some Hilbert space H, admitting two cyclic vectors ~1 and EZ such that 
~~(x)=(E~~~E(x)EI), c#B(x)=(E?;I~(x)E~) (x E G). By (3.2) we have: ~1 E He, 
ez E He. 
Since dim H,= 1, we have Q=& for some complex A, \A\= 1. Hence 
$1(x) =+2(x) for all x E G and the corollary follows. 
4. Representations of class G 
In this section we present a criterion for the commutativity of Le(G) 
in terms of certain properties of the irreducible unitary representations 
of G. Also we classify the representations which are associated with 
positive-definite spherical functions of class e. 
(4.1) Proposition. The algebra Le(G) is commutative if and only if for 
every continuous irreducible unitary representation 3t of G on H, the subspace 
He is at most one-dimensional. 
Proof. First we assume that Le(G) is commutative. Let z be a con- 
tinuous irreducible unitary representation of G on H. Suppose He# 0. 
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By (3.1) nGe is an irreducible *-representation of &(G) on H,. Hence 
dim He= 1. 
The converse is due to the fact that L,(G) possesses sufficiently many 
one-dimensional continuous representations (assuming dim He < 1). Indeed, 
take any function f E &(a), f#O. By well-known results, due to Gelfand 
and Raikov (cf. [3], 13.5 & 13.6) we can find a continuous pure positive- 
definite function #J on G satisfying Jo f(x) 4(x) dx # 0. Denote the irreducible 
unitary representation of G associated with $ by z. Let 4(x)= (e[n(x)&) 
(x E G), E a (cyclic) vector in H,, the space of JZ. Then we have 
Therefore z(e)& # 0 and hence H, # 0, so, by assumption, dim H,= 1. 
Thus 7~~ is a continuous one-dimensional *-representation of L,(G) on 
H, and n,(f) #O. We have proved that h@(G) possesses sufficiently many 
one-dimensional continuous * -representations. To complete the proof, we 
observe that for any two functions fi, f2 E LB(G) and any continuous one- 
dimensional *-representation z of Le(G) we have n(fi * fa --/a * fi) =O. 
Hence, by the considerations made above, fi * fz= f2 * fl. So we have 
proved that LB(G) is commutative and the proposition follows. 
For each continuous unitary representation 7t of G on a Hilbert space 
H, the following orthogonal projections on H can be defined: 
z(Et)=J eg(lc)n(k)dk (l<igd), 
K 
They are related by: 
Let H(&)=n(&)H (l<i<d), H(z)=n(f)H. 
Clearly 
d 
H(f) = @ H&z). 
i=l 
For every k E K, n(k) commutes with z(f). So H(f) is invariant under 
n(K). The representation of K on H(j)? defined by restriction of z to K 
and H(f), can be decomposed into irreducible parts, which are clearly 
all equivalent with g (assuming H(f) is not trivial). Hence we obtain 
dim H(f) =n.d, where n denotes the number of times 0 arises in x (re- 
stricted to K). We shall say that c is contained n times in z 
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From (4.1) we obtain: 
(4.2) Theorem. The algebra L,(G) is commutative if and only if every 
continuous irreducible unitary representation of G contains a at most once. 
(4.3) Definition. An irreducible unitary representation n: of G is called 
of class a if the representation Vo, contragredient to a, is contained in ;it at 
least once. 
Remark. ;i can be defined by: “o(k)= ta(k-l), k E K. 
Let us assume that Le(G) is commutative. 
(4.4) Theorem. The continuous positive-definite spherical functions of 
class e on G correspond one-to-one to the equivalence-classes of continuous 
irreducible unitary representations of class a of G. 
Proof . Clearly the representation associa.ted with a positive-definite 
spherical function of class e is of class a. The proof is now easily completed 
by (3.4) and (4.2). 
Remark. Godement’s criterion for the commutativity of L!JG) (iso- 
morphic to LB(G)) is formulated in terms of ‘completely irreducible’ 
representations on Banach spaces ([5], Cor. Theorem 8). (Un)fortunately 
we may restrict ourselves to topologically irreducible unitary repre- 
sentations of G on Hilbert spaces. 
The theory developed here applies to the group PGL(2, Ic), the projective 
general linear group of rank two over a #-adie field k with respect to a 
maximal compact subgroup K. This is derived (together with some other 
results) in the next chapters. 
5. Harmonic analysis of Le(G) 
In this section we assume that Le(G) is commutative. 
We present a sketch of the most essential part of abstract harmonic 
analysis of &G). The well-known tools of harmonic analysis on abelian 
groups appear frequently l). 
Almost everywhere we shall omit proofs. An expert in this branch of 
mathematics will discover them easily. At any rate, proofs are not needed 
to understand the rest of this paper. We like to emphasize that our method 
differs from the usual approach by the theory of unitary algebras. 
a. The dual space 2 
Let Po(G, e) be the set of continuous positive-definite functions 4 on 
G satisfying e * C# * e= + and q3( 1) < 1. We may consider Pe(G, e) as a 
convex subset of L”(G). Let us put on L”(G) the weak *-topology, denoted 
1) We refer to: H. CARTAN and R. GODEMENT, Ann. Sci. Ecole Norm. Sup. (3), 
64, 79-99 (1947). 
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G(L~, I?). Then Po(G, e) is compact in the induced topology. Call E(G, e) 
the set of extremal points of Po(G, e). 
(5.1) Proposition. E(G, e) consists of the positive-definite spherical 
functions of class e and the function which is identically zero. 
Denote by Z the set of the positive-definite spherical functions of class e, 
provided with the topology induced by c(U’, I7). 
(5.2) Proposition. Z is a locally compact space. 
The proof of (5.2) is straightforward. 
(5.3) Proposition. The topology on 2, defined above, coincides with the 
topology of uniform convergence on compact sets (of G) on 2. 
Compare (5.3) with [3] (13.5.2). 
(5.4) Corollary. Any complex-valued continuous function f on G, satis- 
fying e * f * e = f, can be approximated uniformly on compact sets by linear 
combinations of positive-definite spherical functions of class e on G. 
Z is called the dual space of G with respect to U. 
b. The Fourier transform on L(G). 
(5.5) Definition. The Fourier transform of a function f E L+?(G) will be 
the function j, defined on Z by 
fW=J f(x-l)&x)dx (4 ~2). 
The following properties hold : 
(i) f^ is a continuous function on 2, vanishing ‘at infinity’; moreover 
ll%~loo=41flll~ where llf”llm= ;yf: I~WI- 
(ii) f I+ f is a linear transformation. 
(iii) (fl * fz)^=f .f f “1 “2 or all fl, fz E Le(G). 
(iv) j= (f*)^ for all f E &.(G). 
Furthermore one has the usual property: any continuous function on 
2, which vanishes ‘at infinity’ can be approximated, uniformly on 2, 
by functions of the form p (f E L(G)). 
c. The analogue of Bochner’s theorem. 
Let $9(Z) be the algebra of continuous complex-valued functions on 2 
which vanish ‘at inifinity’, provided with the topology of uniform con- 
vergence. Denote by Ml(Z) the space of bounded complex measures on 2 
and by V(G, e) the space of all complex linear combinations of continuous 
positive-definite functions y on G satisfying e * w * e =w. 
Define the mapping T’ : Ml(Z) + L”(G) by 
VP) (4 =,s #4d,4+) (P E JVJ)). 
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One easily checks that T’ is the adjoint of T, defined by Tf =f” (f E L:(G)). 
Clearly one has range(T’) C V(G, e). 
Since range(T) is dense in %e(Z), T’ is injective. Observe that T’p E 
P0(G, e) if p is a positive measure. 
Put MO= (,u E iM+?i): ,U positive, ]],u]] < 13 (~~,u~~ denotes the norm of ,D). 
(5.6) Theorem. T’ maps NO onto Po(G, e). 
Krein-Milman’s theorem is basic in the proof of (5.6). One can even 
show that T’ is a homeomorphism from MO (provided with the topology 
induced by the weak topology o(lMr, %?e) of Ml(Z)) onto Po(G, e) (provided 
with the topology induced by g(L”?, D)). 
d. Fourier’s inversion formula for Le(G). 
Put Vr(G, e)= V(G, e) n U(G). 
To any f E Vr(G, e) corresponds (by (5.6)) a unique measure ,uf E Mr(2) 
such that 
f(x) =J $(x)dkf($) (x E G). 
(5.7) Theorem. A unique positive measure v on Z exists such that 
44) =k$, W$) f or all f E Vl(G, e). More precisely: A unique positive 
measure v on Z exists such that for all f E Vl(G, e) one has 
(i) f E -WC 4 
(3 f (4 = Szkb) 4(x) dv($) (x E G). 
The proof depends heavily on the commutativity of the algebra L@(G). 
e. Plancherel’s formula for LJG). 
Let v be the positive measure on 2, obtained in d. 
(5.8) Theorem. For every f E Le(G) one has : 
(9 ,f E L2(.C 4, 
tii) SG if(x)i2dx= JZ if(#)12dv(+). 
If one extends the map f +f from Le(G) to L:(G), the closure of Le(G) in 
L2(G), one obtains an isometric isomorphism from L,Z(G) onto L2(2, v). 
Proof. For f E Le(G), put g=f *f*. Then g E Vl(G, e) and hence 
s” E Lqz, v). 
Moreover g(x)= JZ #(+)$(x)dv(+) for all x E G. (5.7). 
Since d(4)= Jf(4)i2 (#I ~2) and g(e)= se If(x)j2dx, we obtain 
We see that f ~+f^ can be extended isometrically to L:(G), with values 
in L2(2, v). We will show that this map is surjective. Let F be any con- 
tinuous function with compact support on 2. Let E > 0 be given. Functions 
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P’ and u exist (3” a continuous function with compact support on 2, 
u E L,(G)) such that 
(i) 6, is strictly positive on the support of F, (ii) P = 3”. u. 
By b we can find f E L(G) satisfying 
Ipl(q5)--f(+)I x.2 for all 4 EZ. 
So we obtain 
for all $ E 2. 
Therefore jllJ’($)- (u * ~)“($)PW$)<E .Mu($)12W4). 
Since E> 0 was arbitrary, we conclude that we have embedded L:(G) as 
a dense subspace into Lz(Z, Y). The theorem now follows easily. 
(To be continued) 
